Abstract. In this paper, a bilinear Petrov-Galerkin finite element method is introduced to solve the variable matrix coefficient elliptic equation with interfaces using nonbody-fitted grid. Different cases the interface cut the cell are discussed. The condition number of the large sparse linear system is studied. Numerical results demonstrate that the method is nearly second order accurate in the L ∞ norm and L 2 norm, and is first order accurate in the H 1 norm.
Introduction
Interface problem has attracted much attention from researchers of various disciplines because it is involved in many research areas, such as environmental science, physics, fluid dynamics and biological mathematics. Elliptic problem with internal interfaces is the basic form of interface problem. The most challenging part for solving interface problem is that its governing equations has discontinuous coefficients at interfaces and sometimes singular source term exists. Standard finite element or finite difference method are not suitable for this situation if non-body-fitted grid is used. Designing highly accurate and efficient methods for these problems are desired. Since the pioneering work of Peskin in 1977 [1] , a large number of numerical methods are designed to solve interface problems.
The immersed boundary method was proposed by Peskin to study blood flow through heart valves [2] . This method uses a numerical approximation of the deltafunction, which smears out the solution on a thin finite band around the interface. In [3] , it was combined with the level set method, resulting in a first order numerical method that is simple to implement, even in multiple spatial dimensions. In [4] [5] [6] , efforts were made to achieve higher order accuracy of the immersed boundary method. Second order convergence are obtained by considering the interaction of a viscous incompressible flow and an anisotropic incompressible viscoelastic shell. This method has been extensively used in engineering computations due to its simplicity, efficiency and robustness [7] [8] [9] .
In [10] [11] [12] [13] [14] , LeVeque and Li proposed the immersed interface method (IIM) to solve elliptic equations with discontinuous coefficients and singular source term. This method is based on the finite difference method under the Cartesian grid. Standard finite difference or finite element method is employed away from the interface, while the grid points or elements near the interface are amended by the interface condition. This method has been successfully applied to incompressible Stokes equation and Navier-Stokes equations with singular source term.
Wei et al. pays attention to interface problems with geometry singularity and developed the second order accurate method called matched interface and boundary method [15] [16] [17] . This method has been successfully applied to biomathematics research on molecular level. Besides, there are other numerical methods for interface problems from the finite difference/volume perspective, including the boundary condition capturing method [18] , the embedded boundary method [19] , the Cartesian grid method [41] , and so on. The Cartesian grid method [41] developed by Johansen and Colella is a second-order finite volume method on Cartesian grids for the variable coefficient Poisson equation on irregular domains. In [40] , the finite volume method is used to solve elliptic equations with variable and discontinuous coefficients. With nonhomogeneous jump conditions, the method can deliver a second order accurate result in the L 2 and L ∞ norm.
Researchers also propose some methods from the finite element perspective. In [20] , Chen and Zou considered the finite element method with fitted mesh for solving second order elliptic and parabolic interface problems, sub-optimal error estimates can be achieved for smooth interfaces. The immersed finite element method [34] [35] [36] [37] is based on uniform triangulations of Cartesian grids, while the local basis functions are constructed according to the interface jump conditions. In [33] , the immersed finite element method is developed to solve elliptic interface problems with non-homogeneous jump conditions. The basic idea is to locally add piecewise polynomials that can approximate the nonhomogeneous flux jump condition. For the adaptive immersed interface method [22] and the extended finite element method [23] [24] [25] , the mesh generation does not rely on the interface, while the construction of finite element space relies on the jump condition of the interface. In [26, 28] , the non-traditional finite element method is proposed to solve interface problems with variable coefficient and sharp-edged interface. In [27, 31, 32] , the method is further analyzed and extended to three dimensions. The non-traditional finite element method is simple and easy to implement, it is extended to solve elasticity inter-face problems in [29] and multi-domain interface problems in [30] . Gradient recovery technique is discussed in [42, 43] to improve the accuracy of gradient of solution.
In [38] , the approximation capability of a bilinear immersed finite element space is discussed, which is proved to be similar to that of the standard bilinear FE space. In [39] , the algebraic multigrid solver is employed by the immersed interface method to get bilinear and linear solutions for both stationary and moving interface problems, optimal convergence in both L 2 and semi-H 1 norms is achieved. The unfitted finite element method [21] modifies the bilinear form near the interface by penalizing the jump of the solution value without general flux jump across the interface. Overmann et. al proposed the Cartesian grid finite volume method [40] for elliptic equations with variable, discontinuous coefficients and solution discontinuities on irregular domains, bilinear ansatz functions on Cartesian grids is employed in this method, second order of accuracy can be achieved in the L ∞ and L 2 norm.
In this paper, we propose a bilinear Petrov-Galerkin finite element method for solving the variable coefficient elliptic equation with interfaces. This is different from the bilinear Immersed Finite Element Method because the test and trial function basis are different. It is based on the ideas of our earlier work [26, 28] using triangular grids and it is the first time that our previous method is extended to rectangular grids. Our method is easy to implement for inhomogeneous jump conditions. The rest of this article is organized as follows. In Section 2, we present the bilinear Petrov Galerkin finite element method for elliptic interface problems. Different cases the interface cuts the grids are discussed in details. In Section 3, extensive numerical results are presented to demonstrate the accuracy of our method. We conclude with Section 4.
Formulation and numerical method

Problem definition and weak formulation
In this paper, we solve the elliptic equation with discontinuous variable matrix coefficients along the interface. Consider a rectangular domain Ω = (x min ,x max )×(y min ,y max ). Γ is an interface prescribed by the zero level-set {(x,y)∈Ω|φ(x,y)=0} of a level-set function φ(x,y). The unit normal vector of Γ is n = n x n y = ∇φ |∇φ| pointing from Ω − ={(x,y)∈Ω|φ(x,y)<0} to Ω + ={(x,y)∈Ω|φ(x,y)>0}, see Fig. 1 . Now the governing equation reads is assumed to be a matrix that is uniformly elliptic on each disjoint subdomain, Ω − and Ω + , and its components are continuously differentiable on each disjoint subdomain, but they may be discontinuous across the interface Γ. The right-hand side f (x,y) is assumed to lie in L 2 (Ω).
Given functions a and b along the interface Γ, we prescribe the jump conditions on Γ
the superscripts "±" refer to limits taken from within the subdomains Ω ± . Finally, we prescribe the boundary condition
for a given function g on the boundary ∂Ω.
In this paper, we use non-traditional finite element method [27, 28] to solve the elliptic equation with interface jump conditions described by Eqs. (2.1)-(2.3).
By multiplying both sides of Eq. (2.1) with the test function ψ∈ H 1 0 (Ω) and integrating over the subdomain Ω + , we deduce from Green's theorem that
where −n + = n − = n. Note that the derivation is similar to our previous work [28] using triangular grids. The main difference will be in the construction of local system to be shown when we present our numerical method.
Domain discretization
In this paper, we restrict ourselves to a rectangular domain Ω = (x min ,x max )×(y min ,y max ) in the plane. Given positive integers I and J, set ∆x = (x max −x min )/I and ∆y = (y max − y min )/J. Define (x i ,y j ) = (x min +i∆x,y min + j∆y) for i = 0,··· , I and j = 0,··· , J as a uniform Cartesian grid. Each (x i ,y j ) is called a grid point. For the case i=0, I or j=0, J, a grid point is called a boundary point, otherwise it is called an interior point. If φ(x i ,y j )<0, we count the grid point (x i ,y j ) as in Ω − ; if φ(x i ,y j ) > 0, we count the grid point (x i ,y j ) as in Ω + ; otherwise we count it as on the interface Γ. The grid size is defined as h=max(∆x,∆y)>0, see Fig. 2 . The rectangular mesh here has some advantage compared with the triangular mesh. For the same grid size, the number of cells is half of the triangular mesh. It will be convenient for adaptive refinement or multi-scale computation.
Two sets of grid functions are needed and they are denoted by
and
In this way, we obtain the rectangulation T h of the domain Ω. There are two types of cells in our method: uniform cell and nonuniform cell. In order to define the interface cell, we need to have the two following assumptions:
1. In a cell, the interface is assumed to be a piecewise straight line segment and all of its end points are enforced to be on the edges of this cell.
2. In a cell, the interface can only have one intersection point with each edge of a cell.
According to the subdomains that the four vertices of a cell belong to, we will define the regular cell and nine kinds of interface cells. In reality, the interfaces are curves and could intersect the cell in many different ways. However, for targeting on proposing a second order accurate method, it is reasonable to make the above assumptions. A cell K is called a regular cell if all of its vertices belong to the same subdomain, see In the following discussion, two extension operators are needed. For any ψ h ∈ H 1,h 0 , define T h (ψ h ) as a standard continuous piecewise bilinear polynomial, which is a bilinear polynomial in each cell (both regular cell and interface cell), and T h (ψ h ) matches ψ h on grid points. For any u h ∈ H 1,h with u h = g h on boundary points, U h (u h ) is a piecewise bilinear polynomial and matches u h on grid points. It is a bilinear polynomial in each regular cell, just like the first extension operator U h (u h )= T h (u h ) in a regular cell. In each interface cell, U h (u h ) consists of two or three pieces of bilinear polynomial, depending on the shape of interface in the cell. In cases (c) to (g) of Fig. 4 , U h (u h ) consists of two pieces of bilinear polynomial, one is on K + and the other is on K − . In cases (h) and (i) of Fig. 4 , U h (u h ) consists of three pieces of bilinear polynomial; if φ(x 4 ,y 4 )<0, they are on K +,1 , K − and K +,2 , otherwise they are on K −,1 , K + and K −,2 . The location of discontinuity in the interface cell is the straight line segment Γ h K . Note that two end points of the line segment are located on the interface Γ, and hence the interface condition [u] = a could be and is enforced exactly at these two end points. In each interface cell, the interface condition [β∇u·n] = b is enforced with the value b at two end points of Γ h K , the same as in [40] . Note that we do not need to enforce the jump conditions everywhere on the interface. Redundant information would not improve the accuracy, as our method is already about 2nd order accurate in the L ∞ and L 2 norm. 
Numerical method
We shall construct an approximate solution to the interface problem taking into account the jump conditions. Note that the Neumann jump condition [(β∇u)·n] = b along the interface Γ has already been absorbed into the weak formulation, hence, we only need to take care of the Dirichlet jump condition [u] = a along the interface Γ. We shall seek an approximate solution which is continuous piecewise bilinear on both subdomains Ω − and Ω + , but discontinuous along the interface Γ when [u] = 0. Clearly, in cases (a), (b), (c), (f), (g) and (i) of Fig. 4 , when a vertex (x,y) of the interface cell K is on the interface, we need to get two solutions
defined at the same point. To this end, we introduce a globally piecewise bilinear approximation u h (x,y) defined below:
In this paper, we use standard bilinear finite element functions in all regular cells:
The four unknown coefficients c 1 , c 2 , c 3 and c 4 are uniquely determined by the four corner values of u, see Fig. 3 . Given piecewise bilinear distribution of u(x,y), the integration on the left hand side of Eq. (2.4) is straightforward. For a regular cell K (see Fig. 3 ), no vertex or edge is on the interface, the cell belongs to a subdomain Ω + or Ω − . For an interface cell as in Case 1 (see Fig. 4 (a)), there is only one vertex on the interface, this cell K belongs to a subdomain Ω + or Ω − , depending on which subdomain the other three vertices belong to. For these two kinds of cases, no extra treatment is needed.
In Case 2 (see Fig. 4 (b) or any situation with at least one edge on the interface), the interface cuts the cell K along an edge, this cell belongs to a subdomain Ω + or Ω − , depending on which subdomain the other two vertices belong to. For this kind of cell, we need to take the Neumann jump condition into consideration.
Special piecewise bilinear polynomials satisfying interface jump conditions are employed only in interface cells. In Cases 3-7 (see Figs. 4(c)-(g)), the interface cells are separated into two different pieces K + and K − by the interface segment. The key idea of our method for treating these interface cells is to construct a piecewise function by two bilinear polynomials defined on K + and K − , u(x,y) = c
In order to get the unknown coefficients c In Case 3, from the above assumption, the jump conditions are enforced at the two end points of the interface segment l 2,4 , see Fig. 4(c) . And then, the local system can be constructed as follows:
In Case 4, the jump conditions are enforced at the two end points of the interface segment l 5,6 , see Fig. 4(d) . And then, the local system can be constructed as follows:
y 6 x 6 y 6 1 −x 6 −y 6 −x 6 y 6 −1
In Case 5, the jump conditions are enforced at the two end points of the interface segment l 5,6 , see Fig. 4(e) . And then, the local system can be constructed as follows: y 6 x 6 y 6 1 −x 6 −y 6 −x 6 y 6 −1
In Case 6, the jump conditions are enforced at the two end points of the interface segment l 2,5 , see Fig. 4(f) . And then, the local system can be constructed as follows:
In Case 7, the jump conditions are enforced at the two end points of the interface segment l 5,6 , see Fig. 4(g) . And then, the local system can be constructed as follows: y 6 x 6 y 6 1 −x 6 −y 6 −x 6 y 6 −1
By solving the local systems of Cases 3-7, we get all the coefficients, c 
In Case 8, as the assumption above, the jump conditions are enforced at the two end points of the interface segments l 5,6 and l 7,8 , see Fig. 4 
(h). Let
Then the local system can be constructed as follows:
In Case 9, the interface segments l 2,5 and l 2,6 both have one endpoint on p 2 , it is a little bit complicated than the interface cell of case 8. We choose two middle points p 25 and p 26 on these two interface segments. From the above assumption, the jump conditions are enforced at the two middle points p 25 , p 26 and two end points p 5 , p 6 . Let 
Notice that the system we defined above is an overdetermined system, we use least squares method to solve this system. By solving the local system of Cases 8 and 9, we can get all the coefficients c 
Remark 2.1. In our implementation, the integrals are computed with Gaussian quadrature rules. Since the interface can separate a cell into many different polygon, when we are calculating the integral, we further cut it into a few triangles. For these triangles, the midpoint of each edge is denoted by p ij . In numerical computation, the average of three f (p ij ) in each cell is utilized.
Numerical experiments
In this section, we present some numerical examples with known exact solutions to demonstrate the accuracy of our method. In all numerical experiments below, the level-set function φ(x,y), the coefficients β ± (x,y) and the solutions Example 3.1. This example is taken from [28] . In this example, the solution has large oscillation. We compare three kinds of interfaces (star, face and chess) to find out how the error changes when the interface gets more and more complicated. The solutions u ± and the coefficients β ± are given as follows: 
The numerical result with different grids are shown in Table 2 Fig. 7(f) shows the condition numbers of different grids. The interface geometry in this example is highly complicated, and the solution has large oscillation. Numerical results show that our method can achieve second order accuracy in the L ∞ norm and L 2 norm, and first order accuracy in the H 1 norm. The condition numbers of this example grow with order O(n 2 ), which is the same as the case without interface, and therefore a desired result.
Example 3.2.
In this example, we compared three kinds of coefficient β (variable diagonal matrix, variable symmetric matrix and variable non-symmetric matrix) to find out how the error changes when the coefficients gets more and more complicated. The level-set function φ(x,y), and the solutions u ± are given as follows:
Case 1. When the coefficients β ± are given as follows:
The numerical result with different grids are shown in Table 4 . Figs The numerical result with different grids are shown in Table 5 . Figs. 9(a) and (b) show the numerical results and the numerical error of this example with a grid of 32×32. Figs. 9(c)-(e) shows the numerical errors of different grids and Fig. 9(f) shows the condition numbers of different grids.
Case 3. When the coefficients β ± are given as follows:
The numerical result with different grids are show in Table 6 . Fig. 10(a) shows the numerical result of this example with a grid of 32×32. Figs. 10(c)-(e) shows the numerical errors of different grids and Fig. 10(f) shows the condition numbers of different grids.
In this example, we validate our method by solving a problem with different matrix coefficients, including diagonal matrices, symmetric matrices and non-symmetric matrices. The numerical results show that our method can achieve second order accuracy in the L ∞ norm and L 2 norm, and first order accuracy in the H 1 norm. Again the condition number growth is the same as the case without the interface.
Conclusions
In the paper, we proposed a bilinear Petrov-Galerkin finite element method for solving the variable matrix coefficient elliptic interface problems. Compared with our previous work on the triangular elements, the new contribution of this paper is to handle the more complicated ways by which interface cut the rectangular cell. For the same grid size, the number of cells is half of the triangular mesh. The mesh is non-body-fitted. The method is easy to implement and can be further generalized in the future to solve more complicated problems. Numerical experiments demonstrate nearly second order accuracy in the L ∞ norm and L 2 norm, and first order accuracy in the H 1 norm. The accuracy and computational cost are comparable with the Petrov-Galerkin Finite Element Method using triangles and piecewise bilinear basis functions with non-body-fitted grids.
